Abstract. In this article we present and study a scaling law of the mΓ m CMB Fourier spectrum on rings which allows us (i) to combine spectra corresponding to different colatitude angles (e.g. several detectors at the focal plane of a telescope), and (ii) to recover the C l power spectrum once the Γ m coefficients have been measured. This recovery is performed numerically below the 1% level for colatitudes Θ > 80
Fourier analysis of circles on the sky versus spherical harmonics expansion
Cosmological Microwave Background (CMB) exploration has recently made great progresses thanks to balloon born experiments (Boomerang 2000 , Maxima 2000 and ARCHEOPS 2002 ) and ground-based interferometers (CBI 2002 , DASI 2002 , VSA 2002 . MAP 1 whose first results will be available at the beginning of 2003 and the forthcoming Planck satellite 2 whose launch is scheduled for the beginning of 2007 will scan the entire sky with resolutions of 20 and 5 minutes of arc respectively. These CMB observation programs yield to a large amount of data whose reduction is usually performed through a map-making process and then by expanding the temperature inhomogeneities on the spherical harmonics basis:
The outcome of the measurements is given in the form of the angular power spectrum C ℓ ≡< |a ℓm | 2 >. The set of C ℓ coefficients completely characterizes the CMB Send offprint requests to: J.
Haïssinski, e-mail: jhaiss@lal.in2p3.fr 1 Map home page: http://map.gsfc.nasa.gov/ 2 Planck home page: http://astro.estec.esa.nl/SA-general/Projects/Planck/ anisotropies in the case of uncorrelated Gaussian inhomogeneities (Hu & Dodelson 2002 , Bond & Efstathiou 1987 .
Several of the current or planned CMB experiments (ARCHEOPS, Map, Planck) perform or will perform circular scans on the sky. Carrying out a one-dimensional analysis of the CMB inhomogeneities on rings provides a valuable alternative to characterize its statistical properties (Delabrouille et al. 1998) . A ring-based analysis looks promising e.g. for the Planck experiment where repeated (∼ 60 times) scans of large circles with a colatitude angle Θ ∼ 85
• are being planned. This approach differs in several ways from the one based on spherical harmonics. In particular it does not require the construction of sky maps and some systematic effects could be easier to treat in the time domain rather than in the two-dimensional (Θ, ϕ) space (1/ f noise for instance) since the map-making procedure involves a complex projection onto this space.
For a circle of colatitude Θ, one writes
and the Γ m Fourier spectrum is defined by
These Γ m coefficients are thus specific to a particular colatitude angle Θ. We propose below a simple way of combining sets of such coefficients corresponding to different Θ values (i.e. different detectors). Fig. 1 shows an example of the C ℓ power spectrum for ℓ < 1500, together with two Fourier spectra 3 which describe the same sky for two quite distinct cases, one for Θ = 90
• and one for Θ = 40
• . Note that for this Fig. 1 and throughout the article the C 0 and C 1 coefficients have been set equal to 0.
The relation that gives the Γ m (Θ) from the C ℓ was obtained by Delabrouille et al. (1998) :
where the set of B ℓ coefficients characterizes the beam function and the P 2 ℓm are the normalized associated Legendre's functions. This relation assumes that the a ℓm introduced in Eq. 1 are uncorrelated Gaussian random variables and that the scan is performed with a symmetric beam. spectrum up to ℓ = 1500. The main graphs are two Fourier spectra (2mΓ m ) exactly calculated using Eq. 4 : one for Θ = 90
• in solid blue, and the other for Θ = 40
• in green. The black triangles represent a subsample of the 2mΓ m (Θ = 40
• ) coefficients after having rescaled their abscissa by a factor 1/ sin 40 • = 1.556.
In this article, we present the scaling law and the inverse transformation that consists in the calculation of the C ℓ from the Γ m . In section 2, we demonstrate that this simple scaling law, displayed by the mΓ m spectrum for different colatitude angles, is accurate. Section 3 is dedicated to the description of two different methods proposed to invert Eq. 4 in the case Θ = 90
• . While a simple matrix inversion leads to the result, we also present an approximate analytic method. In section 4 these two methods are extended to the general case where Θ < 90
• .
3 Note that we have chosen the following normalizations: the C ℓ coefficients have been multiplied by ℓ(2ℓ + 1)/4π and the Γ m by 2m.
Scaling of the mΓ m (Θ) spectrum
Our study was triggered by one of us noticing that the product mΓ m (Θ) is only function of the reduced variable µ ≡ m/sin Θ, i.e. this product is independent (to a very good approximation) of the colatitude angle Θ.
This scaling is illustrated on Fig. 1 where a 2mΓ m spectrum computed for a colatitude angle of Θ = 40
• is scaled to match the corresponding Θ = 90
• one. To quantify the precision of this approximate scaling law, we have computed the differences between the scaled 2mΓ m (Θ) and the interpolated 2mΓ m (Θ = 90
• ) spectrum (at m/ sin Θ). Examples are shown on Fig. 2 for five Θ values ranging between 60 (in red) and 10
• (in magenta). The absolute values of these differences are lower than 2 µK 2 over the whole m range for the particular spectrum given on figure 1. They are only defined for m values greater than 2/ sin Θ, as shown in the insert. Oscillations are observed in the difference. They present the same period but their amplitudes increase as the colatitude angle Θ decreases. Different 2mΓ m (Θ) sets obtained from several detectors over a small range of colatitude angles Θ (a few degrees) may be combined using this scaling law, with a precision better than 0.01% . Several experiments, spanning a wider range of colatitude angles, may also be combined likewise, however with a slightly worse precision. 
Fig. 2. Absolute differences (in µK
2 ) between 2mΓ m (Θ) spectra scaled to Θ = 90
• and the interpolated 2mΓ m (Θ = 90 • ) spectrum. All spectra are based on the C ℓ spectrum of Fig.1 . We have worked out these differences for Θ = 60
• (red), 40
• (blue), 30
• (light blue), 20
• (green) and 10
• (magenta). The insert displays the low m part, showing that the difference has a meaningful value only above m = 2/ sin Θ.
In the following, we explain this scaling law using a geometrical and a mathematical argument.
Geometric interpretation
The power spectrum Γ m (Θ) is the Fourier transform of the signal autocorrelation function A(δφ, Θ), where δφ is the phase difference between two points of the scanned ring. Two such points have an angular separation δψ on the unit sphere, where:
This relation between δφ and δψ allows one to express the scaling law, since the signal autocorrelation function, expressed as a function of δψ is equal to the autocorrelation function on a large circle scan:
For small δφ, this relation becomes linear:
So that, in this linear regime, the autocorrelation function satisfies:
Since the ring length L on the unit sphere is 2π sin Θ, the m th harmonic of the Fourier expansion corresponds to structures on the sky of angular size
In the continuum approximation, taking the Fourier transform of both sides of Eq. 8 leads to:
which, using Eq. 9 leads to the scaling law:
While we are mainly concerned here with circular scanning, the same reasoning can be made for any kind of trajectory on the sky as long as it stays 'close' to a large circle on angular scales of order λ, and the same scaling law applies to the power density spectrum expressed as a function of 1/λ.
Analytic interpretation
To investigate this scaling mathematically, we start from Eq. 4 which gives the exact relations that connect the Γ m (Θ) to the C ℓ . Since the B ℓ are -supposedly -well known quantities for each experimental set up, we will no longer mention them explicitly and we will deal with the coefficients C ℓ ≡ C ℓ B 2 ℓ . We calculate the P 2 ℓm (cos Θ) factors using approximate expressions of the Legendre's associated functions given by Robin (1957) (see appendix A for some details) which, once normalized, read • for ℓ < m/ sin Θ : where M = m 2 − ℓ 2 sin 2 Θ, • and for ℓ > m/ sin Θ :
where N = l 2 sin 2 Θ − m 2 . The expression of the angle ω is given in appendix A. These approximations are illustrated by Fig. 3 .
For ℓ < m/ sin Θ, the numerical value of P 2 ℓm (cos Θ) is negligible, while for ℓ > m/ sin Θ Eq. 6b implies
Since the CMB angular power spectrum varies slowly as a function of ℓ, we may replace the sum over ℓ in Eq. 4 by an integral. We thus obtain
where ℓ max is an ℓ value beyond which the power spectrum vanishes, and C(ℓ) is a function of ℓ ∈ ]0, ℓ max ] that smoothly interpolates the C ℓ coefficients (a simple way of proceeding is given in Appendix B).
The oscillation frequency ν of the cosine term (as a function of ℓ) in the integrand in the right side of Eq. 14 is of order Θ/π (thus ν ∼ 1/2 when Θ = π/2). Such a frequency is high enough for this cosine term to contribute to a very small amount to the integral. This will be checked numerically in section 3.1 below. Thus we may write:
This equation demonstrates -within the approximations that have been made -that the product mΓ m (Θ) depends only on the variable µ = m/sin Θ.
Since the variable µ is not constrained to be an integer, one has to introduce a smooth function, Γ(m, Θ) where m is now a real, that interpolates the Γ m (Θ) discrete spectrum. This can be done in the same way as the one indicated for the C ℓ spectrum (cf. Appendix B).
In terms of this Γ(m, Θ) function, the scaling law is expressed by the relation:
This equation follows from the equality mΓ(m, Since Θ is assumed to be equal to π/2 in this section, the variable µ can be identified with m. In order to facilitate the numerical calculation of the right side of Eq. 15, we introduce a new variable of integration x defined by ℓ = m cosh x. Then Eq. 15 can be rewritten
The transformation defined by Eq. 17 is linear: thus one may insert in the integrand an interpolating function of the C ℓ spectrum as defined by Eq. B.1. The output of Eq. 17 applied to the angular power spectrum of Fig. 1 is shown in Fig. 4 . One can see in this Fig. 4 that for such a spectrum the approximations that were made in section 2 ensure an accuracy better than 1% -except at the lower end of the spectrum where the relative error drops below 2 % for m = 14.
Eq. 17 can be solved for C(ℓ) by noticing that this integral equation is similar to Schlömilch's equation which reads
where m is a real. The way to solve the latter equation can be found e.g. in Krasnov (1977) . We proceed in a similar way for Eq. 17 (the details are given in Appendix C) and we obtain where Γ ′ is the derivative of Γ(m, π/2) with respect to m. Again the transformation implied by Eq. 19 is a linear one, allowing the use of interpolating functions as defined in Appendix B. Fig. 5 illustrates the use of this integral equation to calculate the C ℓ coefficients starting with the set of Γ m (π/2)'s.
Numerical inversion
In the Θ = π/2 case, the connection between the set of C ℓ 's and the corresponding Γ m 's is simple since Eq. 4 can be written using matrices 2002:
with:
where P ji are the normalized associated Legendre's functions. P(0) is (upper) triangular. In addition, since the associated Legendre polynomials are defined as: The inverse of P(0) is also upper triangular and keeps the peculiar structure of the original matrix: in both P(0) and P (0) −1 only the ℓ − m = 2p terms differ from zero. 
Comparison between the analytic and the numerical transformations
One way of comparing the two methods of calculating the Fourier spectrum is to look at what happens when a single C ℓ coefficient is different from zero. This is done in Fig. 6 for the case where C 300 = 1. Note that since we assume here that Θ = π/2, Eq. 22 b implies that all Γ m coefficients with an odd index vanish (for a single non vanishing C ℓ coefficient with an odd ℓ value, all Γ m coefficients with an even index would vanish). One notices that the Γ(m) function (in blue) runs at mid-height of the non-vanishing Γ m coefficients (in black). Conversely, one may look at the C(ℓ) function that corresponds to the case where a single Γ m Fourier coefficient is different from zero as shown in Fig. 7 (here we used Γ 300 0). The fact that the C(ℓ) graph is negative in some domain of ℓ values shows that no distribution of temperature inhomogeneities which satisfies the validity conditions of Eq. 4 (isotropy and Gaussian a ℓm ) can correspond to a Fourier spectrum with a single non-vanishing coefficient.
Taken together, Figs. 6 and 7 show where we should expect a strong signal in one spectrum in the case the other spectrum presents a high power in some particular bins.
Working with smaller rings on the sky (Θ < π/2)

General features of the Fourier spectrum
In the preceding section we assumed that the scanned rings are the largest ones on the sphere (Θ = π/2). In this case the fact that the P(0) matrix is invertible establishes that the Fourier spectrum of such rings contains all the physical information carried by the C ℓ coefficients. Scanning smaller circles on the sky implies a higher fundamental frequency in Fourier angular space and thus a less dense sampling of this Fourier space.
In fact the loss of information is then twofold: -The G(µ) ≡ mΓ(m, Θ) function is no longer measured for µ = 1: the lowest value of µ which can be reached with the data is now µ = 1/sin Θ. -Secondly, G(µ) is no more measured for µ values that differ by one but for µ values that differ by 1/sin Θ. As a very simple example: if the scan is performed for Θ = π/6, then one measures G(µ) only for µ = 2n with n ∈ ]0, ℓ max /2]. Because of the smoothness of the angular spectra, this sparse sampling of the function G(µ) is not necessarily a drawback as long as the accuracy of the measurements compensates for it.
4.2. Analytic calculation of the C ℓ spectrum for ℓ > 1/ sin Θ As far as the analytic calculation of the C ℓ spectrum is concerned, it can be performed with the same formalism as above (cf. subsection 3.1). One should merely replace the derivative of Γ(m, π/2) that appears in the right side of Eq. 19 by the derivative (with respect to m) of
Γ ( 
with m ′ = ℓ min , ℓ min + 1, · · · ℓ max where ℓ min is the first integer larger than 1/ sin Θ. TheseΓ m ′ coefficients are the ones of the Fourier spectrum for Θ = π/2. Once obtained, the C ℓ spectrum is simply given by
for ℓ ≥ ℓ min . The P(0) matrix and its inverse have been discussed in section 3.2. The first ℓ min − 1 rows and columns of P(0) −1 should be omitted in Eq. 25 since the lowest value of the m ′ index is ℓ min . Fig. 8 shows a numerical example: we use the 'typical' C ℓ spectrum of Fig. 1 , to produce a set of Γ m values in the Θ = 40
• case (Eq. 4). Then we apply the method described above and compare the input spectrum to the obtained one. In this example we used a simple linear interpolation of the Γ m spectrum. The agreement is excellent and better than the one obtained • case (only some points are shown). The relative difference between the two spectra is shown by the lower black curve (in %, right scale). Insert : zoom on the low ℓ region.
with the analytic method (cf. Fig. 5 ) as the latter involves some approximations (cf. section 2) in addition to the ones stemming from the scaling and the interpolation procedure.
The excellent agreement of Fig. 8 breaks down for low values of ℓ. Nevertheless, for ℓ 3 in the Θ = 40
• case, one gets an agreement better than 10% (far above the cosmic variance). For the case Θ = 80
• our simple scaling method can be used up to an accuracy better than 1% for any ℓ values.
Conclusion
We have shown how data taken on circles with different colatitude angle Θ can be combined using a scaling law that is satisfied by the mΓ m (Θ) coefficients at the 0.1 % level in a wide range of m and Θ values.
Then we have derived this scaling property from both geometrical considerations and linear expressions of the Γ m coefficients in terms of the C ℓ ones by introducing analytic approximations of the normalized Legendre's associated polynomials P ℓm (cos Θ) that enter these relations.
Integral equations were obtained that relate to a good approximation interpolating functions of the two sets of coefficients (Γ m and C ℓ ). These analytic relations give a simple picture of the connection between the two types of spectra and are easy to use.
Finally we have investigated ways of calculating the C ℓ coefficients when the Γ m Fourier spectrum is known. We have shown how the inverse of the P 2 ℓm (0) matrix can be used to perform this calculation not only for Θ = π/2 but also in the general case where Θ < π/2. This was achieved by taking advantage of the scaling of the mΓ m spectrum on the one hand and of its smoothness on the other. This set of results provides a basis for further investigation of the connection between the measured C ℓ and Γ m spectra altered by noise and errors.
Appendix A: Approximate expressions of the normalized Legendre's associated polynomials
We start with asymptotic expressions of the Legendre's functions obtained by Robin 1957 in the limit of large ℓ, m/ℓ being kept constant. These asymptotic expressions depend on the relative value of m and ℓ sin Θ.
• For ℓ < m/ sin Θ, To 'normalize' these polynomials and obtain the P ℓm ones, they must be multiplied by
Then the last step consists in using Stirling's formula (n! ≃ √ 2π n n+ 1 2 e −n ) to replace the factorials by analytic functions. A few simplifications can then be made that lead to the approximate expressions used in section 2.
